Change in the character of quasiparticles without gap collapse in a
  model of fractional quantum Hall effect by Toke, Csaba & Jain, Jainendra K.
ar
X
iv
:0
90
8.
07
47
v4
  [
co
nd
-m
at.
str
-el
]  
18
 N
ov
 20
09
Change in the character of quasiparticles without gap collapse in a model of fractional
quantum Hall effect
Csaba To˝ke1,2 and Jainendra K. Jain3
1Physics Department, Lancaster University, LA1 4YB, Lancaster, United Kingdom
2Institute of Physics, University of Pe´cs, 7624 Pe´cs, Hungary and
3Department of Physics, 104 Davey Laboratory, Pennsylvania State University, University Park, Pennsylvania 16802, USA
(Dated: November 2, 2018)
It is commonly assumed in the studies of the fractional quantum Hall effect that the physics of
a fractional quantum Hall state, in particular the character of its excitations, is invariant under
a continuous deformation of the Hamiltonian during which the gap does not close. We show in
this article that, at least for finite systems, as the interaction is changed from a model three body
interaction to Coulomb, the ground state at filling factor ν = 2/5 evolves continuously from the
so-called Gaffnian wave function to the composite fermion wave function, but the quasiholes alter
their character in a nonperturbative manner. This is attributed to the fact that the Coulomb
interaction opens a gap in the Gaffnian quasihole sector, pushing many of the states to very high
energies. Interestingly, the states below the gap are found to have a one-to-one correspondence with
the composite fermion theory, suggesting that the Gaffnian model contains composite fermions, and
that the Gaffnian quasiholes are unstable to the formation of composite fermions when a two-body
interaction term is switched on. General implications of this study are discussed.
PACS numbers: 73.43.Cd, 71.10.Pm
I. INTRODUCTION
Topological properties, by definition, are invariant un-
der a continuous deformation of parameters until a phase
boundary is encountered. It is believed that two frac-
tional quantum Hall states that are adiabatically con-
nected, that is, are related by a deformation of the Hamil-
tonian during which the gap does not close, have iden-
tical topological properties. To the extent the charac-
ter of the excitations is determined by the topology of
the state, this implies that the excitations also evolves
adiabatically. However, there is no reason why the exci-
tations cannot change their character in a fundamental
manner through level crossings and gap openings in the
excitation spectrum even as the ground state evolves adi-
abatically. Such examples indeed exist in other contexts:
for Bardeen-Cooper-Schrieffer to Bose-Einstein conden-
sate crossover of a superconductor, the low-energy ex-
citations are fermionic quasiparticles in the Bardeen-
Cooper-Schrieffer limit but bosonic collective modes in
the Bose-Einstein condensate limit. Some examples of
such phase transitions in the fractional quantum Hall
effect1 (FQHE) are given at the end of this article. This
paper concerns a model in which the gap does not close
during a variation in the interaction but the nature of
the quasiholes changes in a qualitative manner.
The FQHE in the lowest Landau level is explained
by the composite fermion (CF) theory.2,17 Although
not widely appreciated, the topological character of the
FQHE is encoded in the very formation of composite
fermions, which are topological particles by virtue of hav-
ing quantized vortices as one of their constituents. The
topology of composite fermions reveals itself most di-
rectly through an effective magnetic field B∗ = B−2pρφ0
for composite fermions, as well as their Λ levels (Λ levels
are the kinetic energy levels of composite fermions, anal-
ogous to the Landau levels of electrons in the effective
magnetic field), which are directly responsible for most
of the FQHE phenomenology (here, φ0 ≡ hc/e is called
the flux quantum, ρ is the particle density, and 2p is the
number of vortices bound to electrons). The prominent
sequences of fractions at ν = n/(2pn± 1) are explained
as the integral quantum Hall effect (IQHE) of compos-
ite fermions, and the ν = 1/2 state as the Fermi sea
of composite fermions3 in B∗ = 0. (The electron filling
factor is defined as ν = ρhc/eB.) The effective mag-
netic field B∗ has also been measured in several geometric
experiments.4 Theoretically, the effective magnetic field
and Λ levels have been confirmed by verifying that (i)
the low-lying energy levels of the interacting electron
system at an arbitrary B have a one-to-one correspon-
dence with the low-lying energy levels of noninteracting
fermions at B∗, and (ii) the wave functions of interact-
ing electrons at B are closely related to noninteracting
fermions at B∗ (through composite fermionization). Of
relevance to this article are states away from the special
fillings n/(2n± 1), which are described in terms of states
in which the topmost Λ level contains only a few com-
posite fermions [when ν > n/(2n ± 1)] or a few holes
[when ν < n/(2n ± 1)]; these are sometimes called CF-
quasiparticles or CF-quasiholes. The energy level count-
ing for the states containing many CF-quasiparticles or
CF-quasiholes can be obtained very simply by modeling
them as noninteracting fermions at an effective magnetic
field; the residual interaction, however, will convert the
exact degeneracy into a quasi-degeneracy.
The topological character of the FQHE states is be-
lieved also to manifest itself through adiabatic braid-
ing properties of far separated quasiparticles or quasi-
holes, which are interpreted in terms of fractional braid-
2ing statistics.5 This concept was first introduced by
Halperin6, and can also be derived within the CF
theory7,8.
Other wave functions have been constructed with
different topological content. Many of these wave
functions9–12 represent unique, maximum density zero-
energy ground states of model Hamiltonians that do
not have a two-body interaction but impose a penalty
when three or more particles occupy a finite number
of relative angular momentum states. Special cases
have been named Pfaffian,9 parafermion,10 Haffnian,11
or Gaffnian,12 but all of these wave functions can be
expressed conveniently as fully antisymmetrized corre-
lated multicomponent wave functions, and also have been
interpretated as certain correlation functions of appro-
priately chosen conformal field theories. The so-called
“Jack” wave functions, are obtained from a root state
with the help of certain squeezing rules.13 Some of these
states have been argued to support excitations that sat-
isfy nonabelian braiding statistics.14
One may ask, what is the motivation for constructing
new wave functions? (They may turn out to be useful
in other contexts, but we confine our attention to the
FQHE here.) For the lowest Landau level physics, one
may hope to discover a principle for the FQHE that is
more fundamental and / or more accurate than that of
composite fermions. Given the successes of the CF theory
for the lowest Landau level phenomenology, and the fact
that composite fermions have been directly observed, it
would seem sensible that any new principle must recover,
at the least, composite fermions and their physics, such
as effective magnetic field, Λ levels, unification of the
FQHE and the IQHE, etc.
In our opinion, the primary motivation for seeking new
FQHE wave functions comes from FQHE in higher Lan-
dau levels15 which is not as well-described by the CF the-
ory as the lowest Landau level FQHE. A well-studied case
is the FQHE state at 5/2, for which the most widely em-
ployed model considers a Pfaffian wave function proposed
by Moore and Read.9 While this is a paired state of com-
posite fermions, thus also a part of the CF paradigm, it is
also the exact ground state of a model three body inter-
action which entails an energy cost when three particles
occupy the lowest allowed angular momentum state, but
no energy cost when two particles approach one another.
(This will be referred to as the “Pfaffian model Hamil-
tonian” below.) The Pfaffian wave function has been
shown to have a reasonably good overlap with the ex-
act Coulomb ground state,16 which has motivated other
wave functions that are exact ground states of general-
ized multi-particle interactions.
The present study is motivated by the so-called
“Gaffnian” wave function11,12 for the 2/5 state, which
is the exact ground state of the “Gaffnian model Hamil-
tonian” which contains no two particle interactions, but
the three particle interactions act in the lowest two rele-
vant angular momenta (as opposed to the lowest relevant
angular momentum for the Pfaffian model Hamiltonian).
N |〈ΨCF|ΨC〉|2 |〈ΨG|ΨC〉|2 |〈ΨG|ΨCF〉|2 DLz=0 DL=0
6 0.9993 0.976 0.980 58 3
8 0.9986 0.955 0.962 910 8
10 0.9956 0.943 0.954 16660 52
TABLE I. Overlaps between the exact Coulomb ground state
ΨC, the Gaffnian state ΨG, and the composite fermion state
ΨCF at ν = 2/5 in the spherical geometry. Also shown are
the dimensionalities of the Hilbert space in the Lz = 0 sector
(DLz=0) and the L = 0 sector (DL=0). Some of the overlaps
were given previously (|〈ΨCF|ΨC〉|2 in Ref. 17; |〈ΨG|ΨCF〉|2
in Ref. 11 for up to 14 particles; |〈ΨG|ΨC〉|2 for N = 10 in
Ref. 12), but are included here for completeness.
What makes this state particularly interesting is that,
as shown in Table I, it has a reasonably high overlap
with the exact Coulomb ground state at 2/5 (in the low-
est Landau level) as well as with the CF wave function.
Analogous wave function for the 3/5 state also has a high
overlap with the CF wave function.11
This raises the interesting general question: what are
the criteria for determining if a given approach is valid
for a certain fraction? The validity of the CF theory for
the 2/5 state is not in doubt, because it is not just a the-
ory of 2/5 but has numerous other consequences which
have been tested and confirmed in excruciating detail,
both theoretically and experimentally. However, one can
ask how one may ascertain the validity of a model, such
as the Gaffnian model for the 2/5 FQHE, without ap-
pealing to the broader phenomenology, because one may
encounter situations where a satisfactory understanding
of the broader phenomenology has not yet been achieved
(as is the case for the second Landau level FQHE). The
Gaffnian is less accurate than the CF wave function, but
it is not so far from the Coulomb solution as to clearly
rule itself out. Were it not for the CF wave function, the
Gaffnian would look quite good.
One might be tempted to conclude that the Gaffnian
model is also valid and describes the same physics as
the CF wave function. The physics of the two models,
however, turns out to be qualitatively (topologically) dis-
tinct, as clarified by a consideration of their quasiholes
and quasiparticles. In the CF theory, the FQHE state
at ν = 2/5 maps into the ν∗ = 2 IQHE of composite
fermions, and the ground state wave function with two
filled Λ levels. The low-lying states q flux quanta away
are described by either 2q CF-quasiparticles in the third
Λ level or as many CF-quasiholes in the second Λ level;
this makes a definite prediction for the quantum num-
bers of the low-energy states and their wave functions.
The Gaffnian model also makes definite prediction about
the quantum numbers of the low-lying states and their
wave functions on the quasihole side; these are given by
the states that have zero-energy for the Gaffnian model
Hamiltonian. The energy level counting in the presence
of several quasiparticles or quasiholes is in general dif-
3ferent in the two approaches, indicating fundamentally
distinct topological structures. We are thus faced with a
situation where two models produce good wave functions
for the 2/5 ground state, but no more than one of them
can be correct for the Coulomb interaction.
We present in this paper a careful study of states
containing many “quasiholes” obtained when additional
magnetic flux is introduced in the context of the 2/5
state, by testing the predictions of the Gaffnian and the
CF models against exact results for finite systems. Our
results show that a consideration of quasiholes allows one
to distinguish between the two models.
One criticism that can be leveled against our study
is that the numerical systems accessible to us are too
small to capture the braiding properties, and therefore
inconclusive. While the numerical systems may well be
inconclusive, it should be noted that there are two dif-
ferent issues at stake here. A proper evaluation of the
braiding properties would indeed require very large sys-
tems, especially in cases where one needs to consider four
well-separated quasiparticles or quasiholes.19,20 However,
there is no fundamental reason why the Gaffnian model
should not give the correct level counting (i.e., quantum
numbers of states in the low-energy band) and accurate
wave functions even for small systems containing several
quasiparticles or quasiholes. An example in case is the
CF theory for the quasiparticles and quasiholes of the
FQHE states at the n/(2n+ 1). While an evaluation of
the braiding statistics of the CF-quasiparticles or CF-
quasiholes indeed requires large systems,7 the composite
fermion theory gives an exceedingly accurate account of
the states containing many quasiparticles and quasiholes
even for very small systems, both through level counting
and their microscopic wave functions.
We note that a recent paper by Regnault, Bernevig,
and Haldane21 also investigates the issue of how one can
discriminate between the CF and Gaffnian wave func-
tions at 2/5. They compute the topological entangle-
ment to find that the CF theory better agrees with the
Coulomb results. That work considers the ground state
wave functions, whereas we consider below the behavior
as the system moves away from the ground state; how-
ever, the work in Ref. 21 is related to our work in spirit,
because the topological entanglement of a state is a probe
into the character of its edge excitations.
The rest of the article is arranged as follows. In Sec. II,
we review the Gaffnian and the composite fermion mod-
els. Sec. III argues, through exact diagonalization of the
Gaffnian model, that incompressibility at 2/5 cannot rule
out for in some range of the parameters of the Gaffnian
model interaction. Sec. IV deals with quasiholes, and
also shows that the nature of the excitations changes in
a fundamental manner as one interpolates between the
Coulomb and the Gaffnian interaction. In Sec. V, we dis-
cuss the extent to which the composite fermion quasiholes
are contained in the Gaffnian zero-energy band, which,
in general, contains more states. The paper is concluded
in Sec. VI with a discussion of the broader implications
of our findings.
II. MODELS
The numerical work reported in this article is per-
formed in the spherical geometry, in which electrons move
on the surface of a sphere and a radial magnetic field is
produced by a magnetic monopole of strength Q at the
center.22 Here, 2Qφ0 is the magnetic flux through the
surface of the sphere, and 2Q is an integer according
to Dirac’s quantization condition.23 The single particle
states are monopole harmonics YQlm, where l = Q + n
is the angular momentum with n = 0, 1, . . . being the
Landau level (LL) index, m = −l,−l + 1, . . . , l is the
z-component of angular momentum. The Coulomb in-
teraction is evaluated with the chord distance.24
A. Gaffnian model
The Gaffnian model12 is defined in terms of a gen-
eralized projection Hamiltonian, which in the spherical
geometry takes the form
HˆG = A
∑
i<j<k
P
(3)
ijk (3Q− 3)+B
∑
i<j<k
P
(3)
ijk (3Q− 5), (1)
where A and B are positive constants, and P
(3)
ijk (L)
projects the state of particles i, j, k to the total angu-
lar momentum L subspace. While HˆG does not contain
any two-body interactions, it penalizes states of three
electrons in their smallest two possible angular momen-
tum states. (The value L = 3Q − 4 of the total angular
momentum is excluded by symmetry, and L > 3Q− 3 by
the Pauli principle.)
This model has a unique zero-energy ground state
at 2Q = 5N/2 − 4, which has been named “Gaffnian”
state.12 It is given by
ΨG = Φ1S

∏
j<k
[(zj − zk)
2(wj − wk)
2] ×
×
∏
j,k
(zj − wk)
∏
j
1
(zj − wj)

 (2)
where Φ1 is the wave function of a filled Landau level;
electrons have been separated into two clusters {zj} and
{wj}, j, k = 1, · · · , N/2; and S is the symmetrization op-
erator. This is the maximum density zero-energy ground
state of the Hamiltonian in Eq. (1).
When the number of flux quanta is increased by n
units, 2n quasiholes are generated in the Gaffnian model,
reflecting the paired nature of this state. These states
also have zero-energy for the model interaction HˆG, and
4a basis for the wave functions can be obtained by insert-
ing inside the symmetrized part the factor
N/2∏
j=1
n∏
α=1
(zj − Zα)(wj − Zn+α) (3)
where Zα are the quasihole positions. We will refer to
these states (denoted ΨG2−qh, Ψ
G
4−qh, etc) as the “Gaffnian
quasihole sector”. Several wave functions can be created
in this manner, because of the freedom related with which
of the n quasihole positions are associated with the {zj}’s
(with the remaining being associated with {wj}’s), but,
as shown in Ref. 12, these are not all linearly indepen-
dent. We will produce an independent basis by numer-
ical diagonalization of the Gaffnian Hamiltonian, which
directly generates the Gaffnian quasihole states in the
angular momentum basis. The angular momenta of the
states in the Gaffnian quasihole sector are enumerated
in Tables II and III for even and odd numbers of quasi-
holes. (The latter requires an odd number of electrons.)
It has been argued in Ref. 12 that, should the gap re-
main finite in the thermodynamic limit (see Sec. III for
further discussion of this issue), the Gaffnian zero modes
likely obey semionic exclusion statistics and nonabelian
braiding statistics.
While one expects quasiparticles at flux values 2Q <
5N/2−4, their angular momentum counting is not known
analytically due to the absence of an exact solution for
Gaffnian quasiparticles. It is therefore uncertain how
many low-energy states of HˆG should be considered as
elementary quasiparticle excitations.
N 2Q state CF band Gaffnian band
6 9 4 qp’s 0 Not known
6 10 2 qp’s 1, 3 Not known
6 12 2 qh’s 1, 3 1, 3
6 13 4 qh’s 0, 2, 4 02, 22, 3, 42, 6
8 14 4 qp’s 2 Not known
8 15 2 qp’s 0, 2, 4 Not known
8 17 2 qh’s 0, 2, 4 0, 2, 4
8 18 4 qh’s 0, 2, 3, 4, 6 02, 23, 3, 43, 5, 62, 8
10 19 4 qp’s 0, 2, 4 Not known
10 20 2 qp’s 1, 3, 5 Not known
10 22 2 qh’s 1, 3, 5 1, 3, 5
10 23 4 qh’s 0, 22, 42, 5, 6, 8 02, 24, 3, 44, 52, 63, 7, 82, 10
TABLE II. Angular momenta of the low-energy excitations of
the composite fermion model and the Gaffnian model at flux
values ranging from 2Q = 5N/2 − 6 (four quasiparticles) to
2Q = 5N/2 − 2 (four quasiholes) for N even.
N 2Q state CF band Gaffnian band
7 12 3 qp’s 1, 3 not known
7 13 1 qp 5
2
not known
7 14 1 qh 2 2
7 15 3 qh’s 3
2
, 5
2
, 9
2
3
2
, 5
2
, 9
2
9 17 3 qp’s 3
2
, 5
2
, 9
2
not known
9 18 1 qp 3 not known
9 19 1 qh 5
2
5
2
9 20 3 qh’s 0, 2, 3, 4, 6 0, 2, 3, 4, 6
11 22 3 qp’s 0, 2, 3, 4, 6 not known
11 23 1 qp 7
2
not known
11 24 1 qh 3 3
11 25 3 qh’s 3
2
, 5
2
, 7
2
, 9
2
, 11
2
, 13
2
3
2
, 5
2
, 7
2
, 9
2
, 11
2
, 13
2
TABLE III. Angular momenta of the low-energy excitations of
the composite fermion model and the Gaffnian model at flux
values ranging from 2Q = 5N/2− 11/2 (three quasiparticles)
to 2Q = 5N/2− 5/2 (three quasiholes) for N odd.
B. Composite fermions
The CF ground state at ν = 2/5 is2
ΨCF = PLLLΦ
2
1Φ2, (4)
where Φ2 is the Slater determinant with N fermions
completely filling two Λ levels. The Jastrow factor
Φ21 =
∏
i<j(uivj − ujvi)
2 [with u = cos (θ/2) e−iφ/2 and
v = sin (θ/2) eiφ/2] attaches two vortices to each fermion
to convert it into a composite fermion; PLLL projects the
wave function on its right into the lowest Landau level.25
The ground state occurs at 2Q = 5N/2−4, which is iden-
tical to the flux for the Gaffnian state. If 2Q is increased
by n (integer), there is room for 2n CF-quasiholes in the
second Λ level of composite fermions, whereas a reduc-
tion of 2Q by n results in 2n CF-quasiparticles in the
third Λ level. These states are denoted ΨCF2−qh, Ψ
CF
4−qh,
ΨCF2−qp, Ψ
CF
4−qp, etc. The angular momenta of these states
are given in Table II. States with an odd number of
CF-quasiparticles / CF-quasiholes occur at odd N , with
quantum numbers predicted by the CF theory enumer-
ated in Table III. Notice that for one, two, and three
quasiholes, the Gaffnian interaction predicts the same
angular momentum distribution as the CF theory, but
for four or more quasiholes the Gaffnian model produces
a significantly greater number of states.
The construction of the basis functions for compos-
ite fermions, which are related to the basis functions
at the corresponding noninteracting electron system, has
been discussed in detail in the past and will not be re-
peated here. We refer the reader to the literature for
the treatment of lowest Landau level projection and CF
diagonalization.25,30
5III. INCOMPRESSIBILITY
At least for finite systems, exact diagonalization stud-
ies on the Gaffnian model produce an incompressible
state with a clear gap. For these systems, the Gaffnian
model produces a qualitatively different structure for the
quasiholes than the CF model, and it is valid to ask how
the two are related. That is the objective of our calcula-
tions below.
It has been suggested in Refs. 12 and 18 that the
Gaffnian state is not a gapped state in the thermody-
namic limit, based on its identification to a critical con-
formal field theory, the edge theory of which is nonuni-
tary and therefore unphysical. This argument, however,
is not mathematically rigorous at this stage. From a mi-
croscopic perspective, where this state is viewed as the
exact maximum density solution of a well-defined Hamil-
tonian, there is no fundamental reason to doubt the pres-
ence of a gap. As a function of the filling factor, the
energy is zero for ν ≤ 2/5 but nonzero for ν > 2/5 in-
dicating the possibility of a discontinuous change in the
chemical potential.
We believe that numerical studies can shed further
light on this issue. There are two relevant pseudopo-
tentials (A and B) in the Gaffnian model, and the gap
can be varied (at least for finite systems) by adjusting
their relative strength, which gives a greater space of pa-
rameters in which to look for a state that has a gap in the
thermodynamic limit. Ref. 18 considered the gap to cre-
ating a neutral excitation of the Gaffnian model (which
is the lowest energy required to create an excitation at
2Q = 5N/2 − 4) and showed that it may vanish in the
thermodynamic limit for A = B. We give in Fig. 1 the
gap to creating a charged excitation, defined as
E
(
5N
2 − 3
)
+ E
(
5N
2 − 5
)
− 2E
(
5N
2 − 4
)
2
=
E
(
5N
2 − 5
)
2
.
(5)
where E(2Q) is the ground state energy for the Gaffnain
model at flux 2Q. The gap shows significant N depen-
dence. A linear extrapolation of the gap appears satis-
factory for B/A ≤ 5, and produces a nonzero gap for
3 . B/A . 5. Notice, however, that this extrapolation
is based on three data points only; thus the system sizes
accessible in our study do not allow a conclusive answer
to the question of whether the gap survives in the ther-
modynamic limit.
If the gap vanishes in the thermodynamic limit for the
Gaffnian model, then obviously the concept of braiding
statistics is not meaningful in the thermodynamic limit.
However, if the gap vanishes as 1/N (as numerical calcu-
lations indicate), it may be possible to define adiabatic
braiding of quasiholes for a system that is sufficiently
large but not infinite. In any case, for the remainder
of this article, we will not address the issue of braiding
statistics or the thermodynamic limit, but will only be
concerned the Hilbert space counting in finite systems
where the system is clearly gapped.
FIG. 1. (Color online) The gap of charged excitation in the
Gaffnian model for various system sizes and parameter B/A
of the model interaction. The value of the gaps in thermody-
namic limit is given in those cases where a linear extrapolation
is feasible.
IV. QUASIHOLES
As stated previously, the Gaffnian model gives a rea-
sonably accurate approximation for the 2/5 ground state.
In this section we test it for quasiholes. For contrast, a
comparison between the CF model and the Coulomb so-
lution is also given.
A. CF-quasiholes
Figure 2 shows the exact Coulomb spectra for 8 and 10
particles (upper and lower panels, respectively) for two
and four quasiholes (left and right panels, respectively).
Figure 3 shows the exact Coulomb spectra for 7 and 9
particles (upper and lower panels, respectively) for one
and three quasiholes (left and right panels, respectively).
Of interest here is, that some states break off from
the others to form a low-energy band, which we call
the Coulomb quasihole band. The quantum numbers of
states in the low-energy band in these figures are in com-
plete agreement with those predicted by the CF theory
(Tables II and III). Figs. 2 and 3 also show a comparison
between the exact Coulomb energies and the CF ener-
gies, as well as the overlaps between the exact Coulomb
states and the CF wave functions. (For four quasiholes
at 10 particles, CF diagonalization is needed to produce
the energies and the wave functions, because there are
two states each at total orbital angular momentum val-
ues of L = 2 and 4, but for all other cases the CF theory
provides a unique state.) Evidently, the CF theory gives
an excellent qualitative and quantitative account of the
quasiholes.
6FIG. 2. (Color online) Comparison of the Coulomb energy
of the composite fermion quasihole states with the exact low-
energy spectrum with N = 8, 10 particles. The numbers in
the vicinity of CF states are squared overlaps with the corre-
sponding exact state. For ten particles we have used a Lanc-
zos procedure for obtaining the low-energy states; only the
low-energy part of the full Coulomb spectrum is shown.
B. Gaffnian quasiholes
The Gaffnian and CF models predict the same quan-
tum numbers for the one, two, or three quasihole bands,
which are therefore also in agreement with the low-energy
Coulomb band. For four quasiholes, in contrast, the
Gaffnian model predicts significantly more states (Table
II) than observed (Fig. 2), indicating a lack of one-to-one
correspondence between the Gaffnian and the Coulomb
quasiholes.
The overlaps between the Gaffnian quasihole wave
functions and the exact Coulomb wave functions for one
to three quasihole states are shown in Figs. 4 and 5,
and for four quasiholes in Table IV, which gives the cu-
mulative overlap between the full Gaffnian basis and an
equal number of lowest Coulomb states, as defined in the
caption. The overlaps for the Gaffnian quasiholes de-
cay more rapidly compared to the CF-quasiholes as one
moves away from the incompressible state.
Figures 4 and 5 also show a comparison between the
Gaffnian and the exact energies. The Gaffnian spectrum
FIG. 3. (Color online) Comparison of the Coulomb energy
of the composite fermion quasihole states with the exact low-
energy spectrum with N = 7, 9 particles. The numbers in
the vicinity of CF states are squared overlaps with the corre-
sponding exact state.
is obtained by diagonalizing the Coulomb Hamiltonian
within the basis of the Gaffnian quasihole wave functions.
(The overlaps shown in Fig. 4 for four quasiholes only
compare a small subset of the Gaffnian basis, as picked
out by the Coulomb interaction, with the Coulomb quasi-
holes, and are thus not a test of the original Gaffnian
model; they are further discussed in Sec. V.)
Strictly within the Gaffnian model itself, there would
be no logical way to rule out that the lack of one-to-one
correspondence between the Gaffnain and the Coulomb
solutions is a finite size artifact, and that an agreement
would be obtained for sufficiently large systems. How-
ever, a comparison with the CF theory suggests that the
mismatch between the full Gaffnian and the Coulomb
quasihole sectors is not a finite size effect. Given that
the Gaffnian and CF-quasihole spectra are different, the
plausible assumption that the Coulomb solution for four
quasiholes matches with the CF theory excludes a similar
matching with the Gaffnian model no matter how large
the system size.
To further explore the relation between the Gaffnian
and the Coulomb models, we study the crossover from
the Gaffnian state to the CF state by considering the
7FIG. 4. (Color online) Comparison of the Coulomb energy of
the Gaffnian quasihole states with the exact low-energy spec-
trum with N = 8, 10 particles. The numbers in the vicinity
of Gaffnian states are squared overlaps with the correspond-
ing exact state. For four quasiholes the overlaps are given
only for those states that qualitatively follow the lowest band
of Coulomb states. For ten particles we have used a Lanc-
zos procedure for obtaining the low-energy states; only the
low-energy part of the full Coulomb spectrum is shown.
interaction
Hˆλ = λHˆ
G + (1− λ)HˆC (6)
that interpolates between the Gaffnian model interaction
HˆG and the Coulomb interaction,
HˆC =
∑
i<j
1
|ri − rj |
.
There is an ambiguity regarding how to fix the relative
energy scales of the Gaffnian and the Coulomb terms, be-
cause they do not have the same parametric dependences.
We set A = B for simplicity, and fix this constant by the
requirement that the gap for neutral excitation be equal26
for λ = 1 and λ = 0 (for the Coulomb interaction, the
gap corresponds to the CF roton energy).27 As seen in
Fig. 6, the gap never closes when λ is tuned between the
two extremes; in fact, it becomes stronger in the inter-
mediate region. This study shows that, at least for finite
FIG. 5. (Color online) Comparison of the Coulomb energy
of the Gaffnian quasihole states with the exact low-energy
spectrum with N = 7, 9 particles. The numbers in the vicinity
of Gaffnian states are squared overlaps with the corresponding
exact state.
N L = 0 2 3 4 5 6 7 8 10
6 0.940 0.930 0.262 0.685 - 0.620 - - -
8 0.470 0.356 0.799 0.613 0.205 0.674 - 0.465 -
10 0.670 0.490 0.004 0.499 0.682 0.490 0.003 0.560 0.467
TABLE IV. Cumulative squared overlaps between the
Gaffnian four quasihole sector and the lowest energy states
for Coulomb interaction at 2Q = 5N/2− 2. The overlap at a
given L is defined as O =
PN
i,j
|〈ΨG4−qh,i|Ψ
C
4−qh,j〉|
2/N , where
N is the number of degenerate multiplets of HˆG at L (Table
II), and i, j = 1, · · · ,N . The states ΨC4−qh,j represent the N
lowest energy eigenstates of the Coulomb interaction. The
overlaps for two quasiholes are shown in left panels of Fig. 4,
for one and three quasiholes in Fig. 5.
systems studied here, the Gaffnian state is smoothly con-
nected to the Coulomb / CF ground state, and strongly
suggests that this should be the case also in the thermo-
dynamic limit provided the Gaffnian model produces an
incompressible state in that limit.
Figures 7 and 8 show the evolution of the Gaffnian
quasihole states as the interaction is tuned from Gaffnian
8FIG. 6. (Color online) The gap for the mixed interaction Hλ
for N = 6, 8, 10 particles as a function of λ. In this figure as
well as in Figs. 7 and 8 we have taken A = B in the Gaffnain
interaction, and fixed its value by the requirement that the
gap for neutral excitation be equal for λ = 1 and λ = 0.
(λ = 1 point) to Coulomb (λ = 0 point). The cumula-
tive overlaps of the Gaffnian quasihole band (that is, all
states with zero-energy at the Gaffnian point) are eval-
uated with the corresponding lowest energy eigenstates
of the model in Eq. (6). For one, two, or three quasi-
holes, the overlaps decay as one moves from λ = 1 to
λ = 0, and the behavior is continuous. For four quasi-
holes, the overlaps decay more rapidly, but with discon-
tinuous jumps as a function of λ. These discontinuous
jumps are an indication of level crossings in the actual
spectra as a function of λ. As discussed below in the con-
text of Fig. 4, some of the Gaffnian quasihole states are
pushed to very high energies for the Coulomb problem
forming an “upper subband.”
It is not possible to locate the precise parameter range
where the Gaffnian model is valid from our small systems
studies. However, the range near λ = 1 where all of the
Gaffnian quasihole states have a high overlap (by stan-
dards of Table I) with the exact quasihole states appears
quite narrow.
V. DOES THE GAFFNIAN MODEL CONTAIN
COMPOSITE FERMIONS?
The observation that the Gaffnian quasihole space is
larger than the CF-quasihole space raises the question if
the latter is contained in the former. That is certainly not
ruled out a priori. For reasons discussed below, we believe
that the answer to the question is in the affirmative, at
least in a qualitative sense.
A noticeable aspect of Fig. 4 is, that the Coulomb in-
teraction splits the four Gaffnian quasihole sector into
two sub-bands. The upper sub-band of the Gaffnian
quasihole states is pushed up into the “continuum” of
high energy Coulomb states, but the lower energy sub-
band has a one-to-one correspondence with the CF-
FIG. 7. (Color online) The squared overlaps with the zero-
energy branch of the Gaffnian interaction HG with the exact
eigenstates of the model in Eq. (6), which interpolates be-
tween Coulomb and Gaffnian, for two and four quasiholes.
The results are shown for N = 8, 10 particles as a function of
parameter λ; the interaction is pure Coulomb at λ = 0 and
pure Gaffnian at λ = 1. The overlaps for the four quasihole
sector are defined in the same manner as in Table IV. A few
points have been omitted where the La´nczos method did not
clearly resolve nearly degenerate states.
FIG. 8. (Color online) The squared overlaps with the quasi-
hole branch of the Gaffnian interaction HG with the exact
eigenstates of the model in Eq. (6), which interpolates be-
tween Coulomb and Gaffnian, for one and three quasiholes.
The results are shown for N = 7, 9 particles as a function of
parameter λ; the interaction is pure Coulomb at λ = 0 and
pure Gaffnian at λ = 1. Notice there is a unique state for each
angular momentum, and that the counting by the Gaffnian
and the CF models coincide.
9quasihole band. That gives an indication that at least the
qualitative physics of composite fermions is contained in
the Gaffnian quasihole basis (although it is brought out
only by a diagonalization of the Coulomb interaction).
To ascertain the quantitative extent to which the CF-
quasihole wave functions can be accommodated within
the Gaffnian quasihole sector, we give in Tables V and VI
the relevant overlaps for two and four quasiholes. We first
note that for two quasiholes, where the Gaffnian and the
CF-quasihole sectors contain the same number of states,
the overlaps between them are significantly smaller than
those between the 2/5 Gaffnian and CF ground states
(Table I). For four quasiholes, one might have expected
the overlaps in Table VI to increase with N , given that
the size of the Gaffnain quasihole sector grows much more
rapidly with the number of quasiholes than the size of
the CF-quasihole sector, thus allowing for greater flex-
ibility. However, the overlaps do not increase (at least
substantially) for the systems studied either for two or
four quasiholes. This seems surprising at first, but can
be understood from the fact that the upper band lies at
very high energies, indicating that many of the Gaffnain
quasihole basis states are practically orthogonal to the
CF-quasihole states. The picture that seems to emerge
from these observations is that while the overlaps be-
tween the Gaffnian and the CF-quasihole spaces do not
increase as we increase the system size for a fixed number
of quasiholes, they do increase as we increase the num-
ber of quasiholes. As shown in Ref. 12, the degeneracy
of the Gaffnian quasiholes has two parts, one associated
with the positional degeneracy and the other with the
degeneracy of the zero modes. The latter gives the de-
generacy when the positions of the quasiholes are fixed,
and depends only on the number of quasiholes, not on the
system sizeN . This suggests that the extent to which the
Gaffnian quasihole band contains the quantitative corre-
lations built in the CF state is related to the degeneracy
of the zero modes.
In any case, the important point is that while the zero-
energy Gaffnian quasihole band does not have a one-
to-one correspondence with the low-energy band in the
Coulomb spectrum, the Gaffnian quasihole band is split
by the Coulomb interaction to produce a lower energy
band that does match the Coulomb band. The Gaffnian
model thus becomes unstable to the formation of compos-
ite fermions when the two-body Coulomb interaction is
switched on, thus altering the character of the “physical
quasiparticles.”
VI. DISCUSSION
The character change of the excitations in this manner
might at first seem surprising, but, with further thought,
it is actually to be anticipated. Essentially, whenever we
have a vastly degenerate set of states, turning on even
a slight perturbation can have nonperturbative conse-
quences. It is instructive to review some other known
N L = 0 1 2 3 4 5
6 - 0.777(2) - 0.696(2) - -
8 0.818(1) - 0.701(2) - 0.653(1) -
10 - 0.769(5) - 0.676(6) - 0.621(6)
TABLE V. Squared overlaps |〈ΨG2−qh,j|Ψ
CF
2−qh,i〉|
2 showing the
extent to which the CF states are contained in the Gaffnian
quasihole sector at 2Q = 5N/2− 3 (two quasiholes).
N L = 0 2 3 4 5 6 8
6 0.939(10) 0.926(5) - 0.906(2) - - -
8 0.984(6) 0.896(3) 0.921 0.872(2) - 0.880(2) -
10 0.857(8) 0.85(1) - 0.843(4) 0.845(4) 0.807(8) 0.823(2)
0.876(8) 0.862(6)
TABLE VI. Squared overlaps showing the extent to which
the CF states are contained in the Gaffnian quasihole sec-
tor at 2Q = 5N/2 − 2 (four quasiholes). The overlap for
a CF state i with angular momentum L is defined as Oi =P
N
j
|〈ΨG4−qh,j|Ψ
CF
4−qh,i〉|
2, where N is the number of degener-
ate multiplets of HˆG at L (Table II).
examples in the context of the FQHE, which strongly
suggest that a Hilbert space reduction / rearrangement
is not just possible, but is very likely to be generic.
(i) The first example is the FQHE itself. For nonin-
teracting electrons, there is a vast degeneracy of many
body ground states in the lowest Landau level. The in-
troduction of an arbitrarily weak repulsive interaction
creates composite fermions and the lowest Landau level
splits into their Λ levels, which reduces the degeneracy
by opening new gaps in the spectrum.
(ii) The hard-core model interaction V1 =∑
i<j ∇
2
i δ
(2)(zi − zj), which acts only upon two
electrons with relative angular momentum one, produces
a large number of degenerate states of the form
∏
j<k
(zj − zk)
3FS[{zi}] (7)
for ν < 1/3, where FS[{zi}] is a symmetric polynomial
of the electron coordinates. The degeneracy is equal to
the number of partitions of M , where M is the number
of additional flux quanta relative to the state at 1/3.
Clearly, this does not represent the correct physics, as is
most obvious from the fact that it misses a large number
of FQHE states with ν < 1/3, such as that at 2/7.
A different model for this region is in terms of compos-
ite fermions carrying four inverse vortices (also known as
reverse flux attachment).28 The wave function is given by
PLLL
∏
j<k
(zj − zk)
4Φ∗ν∗ , (8)
where ν∗ = 1 gives a FQHE state at 1/3 and ν∗ = 2 gives
a FQHE state at 2/7. [ν∗ = n corresponds to n/(4n−1).]
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The counting of states from this prescription as the filling
factor is changed from 1/3 to 1/4 is in one-to-one corre-
spondence with the counting from filling factor ν∗ = 1 to
ν∗ =∞, which is in general much smaller than that pre-
dicted by the V1 model, and, in particular, gives unique
ground state at n/(4n− 1). From the perspective of the
V1 model, the residual interaction causes a nonperturba-
tive rearrangement of the low-energy states. Thus, even
though the 1/3 state evolves continuously as we go from
V1 to the full Coulomb interaction, the structure on the
quasihole side changes in a qualitative manner. (Even
lower filling factors can be similarly understood in terms
of composite fermions with appropriate number of vor-
tices attached to them.) It is worth noting that the CF
states (which are essentially exact) are contained very
accurately within the subspace of states that have zero-
energy for the V1 interaction.
(iii) Consider composite fermion states
∏
j<k
(zj − zk)
2Φν∗ , (9)
for a nonintegral ν∗. The model of noninteracting
composite fermions predicts a band of quasi-degenerate
states, whose dimensions can be determined straightfor-
wardly by analogy to IQHE at ν∗. However, it is likely
that any residual interaction between composite fermions
in the partially filled Λ level will cause a rearrangement of
the states, thereby further reducing the dimension of the
low-energy Hilbert space. For example, for certain values
of ν∗ the CF-quasiparticles can arrange themselves into
a crystal or stripes;29 and for certain other values of ν∗
they can form their own FQHE state30 (which produces
fractions31 such as 4/11) for which the quasiparticles are
very different from those of 1/3 or 2/5. This is again
an example where the low-energy Hilbert space is quali-
tatively altered due to the weak residual interaction be-
tween the quasiparticles. Note that the rearrangement
can possibly occur entirely within the partially filled Λ
level, without closing the Λ level gap.
It should be noted that the phase transitions discussed
in these examples, due to the turning on of the “rest
of the interaction,” are “topological,” beccause the new
state is described in terms of composite fermions carrying
a different number of vortices; also the new quasiparti-
cles have different fractional local charge and braiding
statistics.
In summary, we have examined the Gaffnian model for
the 2/5 FQHE and found that, while it gives a reasonably
accurate wave function for the 2/5 Coulomb ground state
(at least for small systems), it is inadequate for quasi-
holes. This study has general implications for FQHE be-
yond the 2/5 state. Most importantly, it shows, not sur-
prisingly, that a consideration of the ground state alone
is insufficient for the demonstration of the validity of a
model; it is necessary to test it for excitations as well, be-
cause two ground state wave functions that a have high
overlap can have qualitatively distinct quasiparticles.
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